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Abstract In 2014, Wang and Cai established the following harmonic con¬ 
gruence for any odd prime p and positive integer r, 

^ (mod /), 

i+j + k = p^ ^ 
i,j,kGVp 

where Vn denote the set of positive integers which are prime to n. 

In this note, we establish a combinational congruence of alternating harmonic 
sums for any odd prime p and positive integers r, 

^ (mod pp. 

i+j + k=p'^ 
i,j,k€Vp 


For any odd prime p > 5 and positive integers r, we have 


4 E 

^l+^2+^3+^4=2p^ 
■il. 12’ ■'3’ '^4^'^p 


i-iy- 


-t3 


*1*2*3*4 


E 

*l+^2+^3 + *4 = 2p^ 

Ml ^2’ ^3> ‘^4^'^p 




^pBp _5 (mod p'^), if r=l, 
^p’'Bp _5 (mod p’'+P, if r> 1. 


This work is supported by the National Natural Science Foundation of China, Project 
(No. 10871169) and the Natural Science Foundation of Zhejiang Province, Project (No. 
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For any odd prime p > 5 and positive integers r, we have 


E 

*l+*2+*3 + *4 + ^5 = 2p'^ 
»!. * 3 ’ * 4 < '^5^‘^P 


*1*2*3*415 


+ 2 E 

*l+*2+^3 + *4 + ^5 = 2p^ 
* 1 . ^ 2 ^ ■^ 3 ’ ■* 4 ' •>-5^'Pp 


* 1 * 2 * 3 * 4*5 


12_Bp_5 

6p^-~^Bp_ 


(mod p), if r = 1, 

5 (mod p’’), if r > 1. 


Keywords Bernoulli numbers, alternating harmonic sums, congruences, 
modulo prime powers 
MSC 11A07, 11A41 


1 Introduction. 


At the beginning of the 21th century, Zhao (Cf.[7]) first announced the following 
curious congruence involving multiple harmonic sums for any odd prime p > 3, 

E ^ = -2^p- 3 (mod p), (1) 

i+j+k=p 

which holds when p = 3 evidently. Here, Bernoulli numbers Bk are defined by 
the recursive relation: 

n 

E ("f)S. = 0,n>l. 

2=0 

A simple proof of © was presented in [T]. This congruence has been general¬ 
ized along several directions. First, Zhou and Cai [5] established the following 
harmonic congruence for prime p > 3 and integer n < p — 2 


E 

^1+^2H- —P 


1 

hh ■ ■ - In 


-(n - (mod p), if2\n, 

- 2 "n+i) P^p-"-i (mod p2), */ 2 I n. 


Later, Xia and Cai [5] generalized o to 


E 

i+j+k=p 


1 

ijk 


12Hp-3 
p- 3 


3B2p-4 
p — 4 


(mod p^), 


( 2 ) 


where p > 5 is a prime. 

Recently, Wang and Cai [J] proved for every prime p > 3 and positive integer r. 


E ^ = ~‘^P' ^^P-3 (™°^ P’')’ 

x+J + fc=P^ 
i,j,kGVp 


(3) 
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where Vn denote the set of positive integers which are prime to n. 

Let n = 2 or 4, for every positive integer r > ^ and prime p > n, Zhao [6] 
generalized (| 31 ) to 


E 

-hin=P^ 

>in€'Pp 


1 

^1^2 ' ' ‘ in 


n! 

n + 1 


P ^p—n — l 


(mod 


(4) 


For any prime p > 5 and integer r > 1, Wang [2] proved that 


E 

il+i2 + --- + i5=P^ 
• >'^5 


1 

* 1*2 • • • *5 


gP -Dp—ra —1 


(mod p’"). 


We consider the following alternating harmonic sums 


E 

-l-^n—P'^ 

.*2 > ■ • ■ 


(ai)^^(a2y^---(gnr" 


where ai S {1, —1}, * = 1,2, •■•,**. Given n, we only need to consider the 
following alternating harmonic sums. 


E 

il+i 2 + --- + in=P^ 
n.i2’--- yin^'Pp 


*1*2 •■•*«’ 


E 

n+t2 + --- + *n=P^ 
’*2 ’' ■ ■ ^'Pp 


(_iyi+*2 
*1*2 • ■ • *n ’ 


E 

n+i2 + --- + ^n=p"’ 
il,i2---- >in^Pp 


*1*2 ■ • • *ri 


where [x] denote the largest integer less than or equal to x. 


In this paper, we consider the congruences involving the combination of 
alternating harmonic sums. 


E 

n+i2 + ---+^n=p"’ 
il,i2’- ■ >in^Pp 


*1*2 ■ ■ -in 


E 

il+i 2 + --- + in=P^ 
*11^2 ’' ■ ■ <^n ^Pp 


*1*2 ■ ■ - in’ 


E 

i^+i 2 + ... + i^=pr 


^ 1^2 ' ' ‘ in 


we obtain the following theorems. Among them. Theorem 1 and Theorem 2 
have been proved by Wang[3] using different method, but his method doesn’t 
for Theorem 3 and Theorem 4. 


Theorem 1. Let p be odd prime and r positive integer, then 


E 

2+j + fe=2p^ 


(-ir 

ijk 


— —1 D 

-tSri — 


= P 


p-3 


(mod p'’). 


Remark 1 There is no solution (*, j, k) for the equation * + j + fc = 2p’’ 
with i,j,k G P 2 p- 
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Theorem 2. Let p be odd prime and r positive integer, then 

X! (mod p1- 


i+j + k=p'^ 
i,j,keVp 


ijk 


Theorem 3. Let p > 5 be a prime and r positive integer, then 


E 


(-1)* 


+ 3 E 


(- 1 ) 


*l+i2 


■ 4 .- i,- -n„T *1*2*3*4 . , . _2 r *1*2*3*4 

*l+*2+^3+^4 = 2p tl+i2+^3 + *4 = 2p' 

»!> *2- *3’ ^1- *2< ^3< M^'Pp 


^pBp -5 (mod p 2 ), if r = 1, 


5 

5 4" -^P- 

Theorem 4. Let p > 5 be a prime and r positive integer, then 


^p^Bp -5 (modp''+^), if r > 1. 


E 


(-1)* 


+ 2 


E 


(-1) 


ii+^2 


- -L- ^ -L- 9 r . , - T"^, . r 

»l+»2 + *3 + ^4 + »5 = 2p^ 11+22+13 + 14 + 25 =2p’^ 

*2> *3< ^4> *5^'^p *1> ^2i ^3’ *4’ *5^’^P 


^ 112 Bp _5 (mod p), i/ r = 1 , 
( 6 p’'“^Sp _5 (mod p’'), if r > 1. 

2 Preliminaries. 


In order to prove the theorems, we need the following lemmas. 
Lemma 1 ([!]). Let p be odd prime and r, m positive integers, then 

= - 2 mp''~^Bp -3 (mod p’'). 

ijk 


i+jPt-k = mp‘' 
i,j,keVp 


Lemma 2. Let p be odd prime and r, m positive integers, then 

I & ^ I 


E 


E 


ijk too’’ . jl 

2+j' + fc = mp^ l<j<Z<mp^ 

i,j^k£Vp j, I, l—jGVp 


Proof. It is easy to see that 


V -v i P j P k 3 V -v 1 
ijk mp^ ^ ^ ijk mp'' ^ , ij 

2+j' + fc = Tnp^ ^ 2+j + fe = mp^ ^ 2+j + fc = mp^ 

iJ,k€.‘Pp i,j,k^Vp i,j,ke‘Pp 


y ^ 

i i h 


Let I = j + k, then I < j < / < mp’’ and j, I, I — j & Vp. By symmetry, we have 
3 1 3 1 (i + j) 6 1 


E 


3 1 (i + j) _ 6 


TOP' ^ „ 27 TOP' ^—' „ Z ij mp^ „ jl 

^ i-L-T-Lt — ■mTiT "J ^ TTj. 71^ " ^ m. tP' " 


i+j + fc = mp^ 
i, 3 ,k^Vp 


2+j<mp^ 
3^ l^'Pp 


1<J <.l<mp'^ 
j, I, l—jGVp 


This completes the proof of Lemma 2. 


□ 
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Lemma 3. Let p > 4 be a prime and r, m positive integers, then 


E 

*l+*2+^3 + *4=^P^ 
^1. *2’ ^3’ 


1 

*1*2*3*4 


24 

mp"^ 


E 

1<U1 <U 2 <'u.^<mp'^ 
ui, ^3, U 2 -UI, U3-U2^'Pp 


1 

U 1 U 2 U 3 ' 


Proof. The proof of Lemma 3 is similar to the proof of Lemma 2. □ 

Lemma4([8]). Letr, ai, , a„ be positive integers, r = ai+-■ •+an < p—3, 
then 


E 


l<il, ••• , ln<p-l 2 


jCi'ijOC 2 ]Oin 

L 1 to ' ' ' t 


^ I (-Tin - (mod p^) if 2\r, 

- l)l:^Bp_r-ip (mod p^) i/ 2 | r. 


Lemma 5 ([2]). Let p be odd prime, and ai, •••,«„ positive integers, where 
r = ai + ■ • • + a„ < p — 3, t/ien 


E 


l<tl, --- , ln<^P ^ 2 

I j , I 


1 

jaiia2 joir, 
L-t Ley ' ’ ' in 


\ (-)”(n - l)! 2 li^Bp_r_ 2 P^ (mod p^) i/ 2 j r, 
[ (-)""^(n - l)\^Bp_r-iP (mod p^) i/ 2 | r. 


Lemma 6. Let p > 4 be a prime, then 

E 


-i-i -2n *1*2*3*4 

^1, ^2- *3< *4^'^p 

Proof. By Lemma 2, we have 

1 


1 240 ^ , 2^ 

— =- —pBp _5 (mod p ). 


E 


24 


E 


1 


, 4. i -2„ *l* 2 * 3 i 4 2 p ^ U1U2U3 

«1+12+^3+*4 —2p l<ui<U2<u^<2p 

■il, ■'2’ ^3’ '^4^'^p 


(5) 


UJ, U3, 14,2—ui, IA3—U2^'Pp 


It is easy to see that 


E 


l<ui<U2<'“3<2p 
ui, u^, U 2 -UI, u^-U 2 G'Pj 


U 1 U 2 U 3 


E 


1 <W1<W2<U3<2P 
ui, W 2 , U 3 , W 2 -U 1 , U2-U2G‘Pj 


E 


UIW 2 M 3 ,< ^ <o„ U 1 PU 3 

1<W1<P<W3<2P 

U3,epp 


By Lemma 4, we have 


l<wi <p<W3<2p 
Ul, U^,G'Pp 


UIPU 3 p 


- E 


Ml 


E 


1<111<P p<U3<2p 


— =0 (mod p^). 
U 3 


( 6 ) 
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Hence 


1<, ^ <2„ UIU 2 U 3 U 1 U 2 U 3 

l<ui<U 2 <u^< 2 p l<ui<U 2 <u;^< 2 p 

Lti, ^3, U2-UI, U3-U2e'Pp ui, U2, U 3 , ^ 2 -^ 1 , U3-U2eVp 


E 

<U2< 
-ui, 

E 

:u2<-L 
2> '^3 

E 


E 


1 


E 


1 


U1U2U3 ^—' Ui(ui + p)u3 

l<ui<u2<'‘3<2p i 2 : O l<„j<„j+p<u3<2p ■3 

■Ul, U 2 , u^^Vp ui, u^^Vp 


1 


l<ui<U2<xt2+P<2p 
■“1, W2e'Pp 


UIU2{U2 +p) 


(mod p^). 


Replace 163 = ^ 2 + p, then 
1 


E 


E 


1 


Ui(mi+p)u3 ^ Uliui + p)(u2 + p) 

l<ui<ui+p<'U3<2p J-V J- ' O l^'ui <ui+p<U2+P<2p ' ^ 

■^3^'^p ^1. 


= E ^(l-^ + 4)(l-- + 4) (modp’)- 

^ Mfu2 Ul U2 ul' ^ ' 


1<U\<U2<P 


and 


E 


i_= y 

7/0 -U 71 ^ 


^ (1-^ + 4) (modp3). 


^1^2(^2+P) Uiui U2 Un 

l<ui<U2<U2+P<2p ^ ^ t'J l<Ui<U2<P ^ ^2 

1*1, U 2 €.'Pp 


Thus 


E 


E 


- E ( 


1 <, ^ < 2 „ U 1 U 2 U 3 ^ U 1 M 2 U 3 ^ ^ 

1<U1 <^2 <^3S2p l<ui<U2<u^<2p I<U1<IA2<P 

til, ■^3’ ‘^2~'^1’ ^^3 —^‘2^’^p ‘^2> ^3^'Pp 

1 1 1 1 

+ :“t: 2 + rm) 


ufu2 


tilWj U 1 U 2 

2. 1 1 1 1 XX 

~^p ^—3—^ ~r~3 —tt)) 

li{ti2 '^^l'^2 

< E E (s 


L-^Ui, U 2 , 

ui^u^, u^GTp 


U 1 U 2 U 3 


l<Ui,U2<p 


U 1 U 2 


-P{-^+ \^^)+P^{^—+ ^—)) (modp^). 
ufu2 2 ufU2 u\U2 U 1 U 2 

(7) 


Using Lemma 5 in the first sum of the right hand in 0 and using Lemma 4 in 
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the second sum, we have 


E 


1 < til <112 <'^3 ^2p 
113, 112-^1, U3-U2e'Pp 


UiU2U^ o! 5 lU 


+ y(-5^P-5P)-p Yi^P-TP 
= —Sp _5 (mod p-^). 

Combining ([5]) with ([8]), we complete the proof of Lemma 6. 
Lemma 7. Let p > 4 be odd prime and r > 1 positive integer, then 

= --^p’'Sp _5 (mod 


E 


il+i2 + i3+i4 = 2p'- 

il. ^2' *3' *4£'Pp 


11*2*3*4 


(8) 

□ 


Proof. The proof of Lemma 7 is similar to the proof method of (U) in m- □ 

Lemma 8 ([5]). Let p > b be a prime and r, m positive integers, (m, p) = 1, 
then 


—4(5m + m^)Bp_^ (mod p), if r = 1, 
— 20 mp’'“^_Bp _5 (mod p’’), if r > 1. 

1 ^2 > '^5 ^“Pp 

Lemma 9. Let p > 5 be a prime and r, m positive integers, then 


E 

-|-i5 = mp 


*1*2*3*4*5 


E 

i 1+«2H- \-^ 5 =mp'^ 

il. 'i2> ••• ’ 


1 

*1*2*3*4*5 


120 

mp^ 


E 

l<iil <it2<ii3<ii4<i7ip^ 

111, '“4’ ii2-'“l> i*4-'^3^'^P 


1 

U 1 U 2 U 3 U 4 


Proof. The proof of Lemma 9 is similar to the proof of Lemma 2. 


□ 


3 Proofs of the Theorems. 


Proof of Theorem 1. It is easy to see that 


y (zE 

i tj fk^'Pp 


1 


E 

i+j + k = 2p'^ 
i,3,kGVp 


(-!)'(* +j + fc) 

ijk 


1 


E 

i+j + k = 2p'^ 
i,j,kGVp 


- (-ir 

' jk 


2(-ir ^ 

ij 


(9) 
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Let I = j + fcjthen 1 < j < / < 2p’’ and j, I, I — j € "Pp, hence 


(~1)" _ 1 + k) _ y^ 2(-l)' 

A U / J 1 nU 2-^ 


j k I jk 

i+j + k=2p'^ l<j<l<2p^ 

iJ,kGVp j, I, l-jeVp 


l<j<l<2p'r 




Let I' = i + j,then 1 < * < Z' < 2p^ and i, I', V — i G Vp, hence 

l2{-lY{i + 3) 


E E 


i+j-|-fe = 2p^ 
i,j,k^'Pp 




l<i<i'<2p'’ 
i, I', l'-i€V, 


V ij 


2(-l)* 2(-l)* 


= y- (fiEiL + 
^ ^ jl' 

l<i<l' <2p^ 
i, I', I'-i^Vr, 


il' 


Noting that i = V — j, (—1)* ^ = (—1)* and we rename V to Z, then 

V = V 2(-lV+' 

iZ' 


jl' jl 

l<i<l'<2p'^ l<i<i<2p^ 

i, l'^ j, I, l-j^Vp 


Rename i to j and V to /, then 

2{-iy 2{-iy 

/ ^ ^ jl 

l<i<l'<2p^ l<i<J<2p^ 

iy I'-i^^Pp j, i, i-jGVp 

Combining (ini)- (|T^ . we have 

(zir^l V (tll + tiyiL + tll) 

ijk P" 


i,j,kevp 


j, l, l—jGVp 


= - E 

nr 


(1 +(-1)0(1+ (-iV) 1 


(10) 


( 11 ) 


( 12 ) 


(13) 


l<j<Z<2p’^ 
j, I, l—jG'Pp 


jl 


rf ^ i ] 


l<j<l<2p‘^ 
j, I, l—jGVp 


Jl 


1 


^ il-7 S Tr 

l<j<Z<2p^ ^ ^ l<3<l<2p'^ 

j, I, l—j^'Pp ,jeven, leven j, Z, l—jG'Pp 


Let j = 2j\ I = 21' in the first sum of (1141) and noting that 

E —= E - 

j'Z' Z^ jV 

j!, I', I'-j'eTJp 3, I, l-3€-Pp 


(O is equal to 


y^ (~1)^ _ J_ y^ 0_L y^ i_ 

Z^ ijk p'' Z^ jl pT Z^ jl 

i+j + k = 2p^ ^ l<j<l<p'^ ^ l<3<l<2p'^ 

i,3,k^‘Pp j, I, l—jGVp j, I, l—jGVp 


(15) 
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By Lemma 1, Lemma 2 and m, we obtain 


E 

i+j + k = 2p^ 
iJtkeVp 


ijk 


1 


1 <j 

i, l, l—jGVj 


1 

Jl 


= p^ ^5p-3 (mod p’'). 


E 

l<j<J<2p^ 
j, I, l—jGVp 


1 

Jl 


This completes the proof of Theorem 1. □ 

Proof of Theorem 2. For every triple (i, j, k) of positive integers which satisfies 
i + j + k = 2p’’, i,j, k G Vp, we take it to 3 cases. 


Cases 1. If 1 < i, j, k < p^ — 1 are coprime to pq, {i, j, k) ^ {p^ — 
h ~ j) — fc) is a bijection between the solutions of i + j + fc = 2p’' and 
i + j + k = p'’, i, j, k G Pp, we have 

V (zil!= V 

i,j,k&Vp «.j,fce7’p 

1<2, j, fc<p^ —1 

= E (modp"). (16) 

i+j + k=p‘^ 
iJ,keVp 


Cases 2. If p’’ + 1 < i < 2p'' — 1, 1 < j, fc < p’’ — 1 are coprime to p, 
(i, j, k) GG {p^ + i, j, k) is a bijection between the solutions of i + j + fc = 2p’’ 
and i + j + k = p'', i,j,k€ Vp, we have 


(-1)^ 
, ijk 

i,j,kGVp 

— k<p^ — l 



E 

t+j + k=p‘^ 
i,j,k^Vp 


(_1)P’’+* 

[p^ pi)jk 


- E 

^+j+fe=p^ 

i,j,keVp 


(-ir 

ijk 


(mod p^). 


(17) 


Cases 3. If p’' + 1 < j < 2p’' - 1, 1 < i, fc < p’’ - 1 or p’' + 1 < fc < 2p’' - 1, 1 < 
b j ^ p'" — fare coprime to p, (z, j, fc) GG (z, p^ + j, fc) in the former and 
(i, j, k) GG (z, j, p^ + fc) in the later are the bijections between the solutions 
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of z + j + A: = 2p’' and i + j + k = , i,j,k€ Vp, we have 

(-1)* , 


E 


E 


(-1)* 


, ijk ^ , iik 

i,j,kGVp i,j,kGVp 

p^ + l<j<2p^ — k<p^ — l + —l,l<z, j<p^ — l 


- E 


(-1)* 


E 


(-1)* 


+ j)k ij{p- + k) 

i,j,kGVp ij^k^Vp 


= 2 ^ ^ (mod p’"). 


i+j + k=p‘^ 
i,j,keVp 


ijk 


(18) 


Combining ([T6|) - ([T^ . we have 

(-1)* _ V- (-1)* 


E 


E 


ijk ^ ^ ijk 

i+j + k= 2 pr ^ ij^jj^k^2p^ 

iJ,k^Vp 
l<i, i, k<p'^-l 


E 


i-\-j-\-k—2p^ 

i,j,kGVp 

p’' + l<2<2p’' —l,l<j?, k<p^ — l 


(zE 

ijk 


E 


(-1)^ 

ijk 


E 


2+J' + fc=2p'^ 
iJ^kGVp 

p^+l<j<2p^ —1,1<2, A;<p^ —1 

= 2 ^ ^ (mod p’"). 


2+_7 + fc=2p^ 
i,j,kGVp 

p^^l<k<2p^-l,l<i, j<p^-l 


EE 

ijk 


i+j + fc=p^ 
•i,j ik^'Pp 


ijk 


By Theorem 1, we complete the proof of Theorem 2. 

Proof of Theorem 3. By symmetry, it is easy to see that 

(—1)*1 _ 1 (—1)*^ (zi + *2 + *3 + * 4 ) 

*1*2*3*4 “ 2p'- *1*2Z3*4 

'i2> *3i *li ^2i '^3> M^’P’p 


□ 


1 


Z (Ciii+3thi). 

*l+*2+*3 + *4 = 2p^ 

n, ^2’ ^3’ M^'P’p 


(19) 


Let it 3 = Z 2 +* 3+*4 in the first sum of the last equation in m, then zi = 2 p’'—M 3 , 
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ca equals to 


1 


E 

-u^ = ^2+^3 + ^4<2p'^ 

^3, 12, ^3< 


(-l)"^^-’^3fe+^3+H) 

*2*3*4W3 


+ 3 E 

^‘3 = *l+*3 + M<2p^ 
1*3’ ^1’ ^3> i4^'^p 


(-l)"^(il + t3 + m) , 

iihUus 



E 

i*3=i2 + i3 + M<2p’’ 
1*3’ 12’ *3’ M^'^p 


(-1)^3 

isHUs 


3 E 

1*3 = 11 + 13+14 < 2 p’' 
1*3’ il’ *3’ M^'^p 


isi^us 


+ 6 

i*3 = il+i3 + i4<2pi' 
1*3’ il’ *3’ i4^'^p 


IziEi 

*1*3^3 


( 20 ) 


Let M 2 = *3 + *4 in the second sum of the last equation in (1201) . since M 3 = 
*1 + *3 + *4 , then il = M 3 — M 2 , (l20l) equals to 


^[3 (zi)!!(!i±M + 3 y (-i)«3-’^2(,3 + ,4 ) 

1*3’ i*3-i*2’ *3’ 14 ^'Pp 1*3’ 1*3-112’ *3’ i4^'Pp 


= ^1® 


(-l)"^(ii + is) 
^ hhu^u? 

E th!! 


y ^^^ + 6 y - 

0<.,<„f^„3 = <2p'- “1''2M3 = “1“2M3 

-1. 1*3’ i*3“i*2’ i*2-i*l^'^p 1*1’ 1*3’ 1*3“1*2’ i*2-i*l^'^p 




E 




-6 


E 


(- 1 ) 


,“i 


3 

P'' 


E 

:u2<ti 
3-1*2’ 

Similarly, we have 


0<'ui<U2<W3 = <2pi’ 
il, U3, U3-U2, U2-ui^Vp 


^ _^2.r UIU 2 U 3 ' " , 'ttl^2W3 

4'^uj^v.it2<W3 — <2p' U<U;]^<ii2<it3 — <2p' 

1*3’ 1 * 3 — 1 * 2 ’ 1 * 2 —i*l^'^p 1 * 1 ’ 1*3’ 1 * 3 — 1 * 2 ’ it 2 —i*l^’^p 

(_X)“3 _j_ ^_2^^U2+U3 _|_ ^_X)“ 1+“2 _|_ 

7/.1 Tl.nTl.o 


M 1 M 2 M 3 


'_2')*l+’2 


y (~i) 

*1*2*314 

11’ 12’ 13’ 14 ^'^p 


p 


E 


(_1)“2 _|_ ^_]^^«l+«2+’i3 _|_ ^_2)“l+'“3 


0<'ui <U2<U3 = <2p'’ 

U’ ^3’ '“3“'“2’ U2-ui€Vp 


M 1 M 2 M 3 
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Hence 


E 


*1 +»2 + *3+*4 = 2p^ 

il. 12 > i3> 

_ 12 
p'- 


* 1 * 2*314 


E 


(- 1 ) 


n+*2 


n+i2+^3 + *4 = 2p^ 
il. i2> 13’ i4^'^p 


12 

p’- 


E 

■U2 <W3 

-U2’ ■ 

E 


[1 + (-i)“i][i + (-i)“i[i + (-1)“^] -1 


0<ui<U2 <'U3 = <2pi’ 

11- 113’ 113-112’ ■U2-uie'Pp 


U 1 U 2 U 3 


12 


E 


^ U 1 U 2 US p ^' U 1 U 2 US 

0 <ui<U 2 <U 3 = <p^ J. ^ O ^ 0 <ui<U 2 <W 3 = < 2 pi' -L ^ O 

11 - 113’ U 3 -U 2 , U 2 -uie'Pp ui, 1 x 3 , 4X3-142, U 2 -uie'Pp 


By Lemma 3, we have 

4 E 


il+i2+i3+'^4 = 2p^ 
11- 12’ 13’ i4^'Pp 


(-1)^ 

*1*2*3*4 


+ 3 


E 


il+i2 + *3+M=P^ 
11 ’ 12 ’ 13’ 14 ^'Pp 


*1*2*3*4 


E 

3 + 1 ^ 

^3’ * 

E 


(- 1 ) 


ii+i 2 


il+i2 + i3 + *4 = 2p’" 
il’ 12’ 13’ i4^'^p 




il +i2 + i3+i4—2p’^ 
il’ i2’ i3’ ‘^4.^'Pp 




By Q and Lemma 6, we have 

4 E 


E 


(- 1 ) 


il+i 2 


. . . . + 3 

4 ., A- *1*2*3*4 - *1*2*3*4 

n+i2+i3+i4=2p il+i2+i3+i4 = 2p 

1 - 12 ’ i3’ i4^'Pp il’ 12 ’ is ’ i4^'^p 


24 240 216 , , 2, 

= — ^pBp -5 + —pBp _5 = —pBp _5 (mod p ). 


By (IH) and Lemma 7, if r > 2, then 


E 


^ — + 3 


n+’2+’3+’4 = 2P'’ 
il- i2’ i3’ iA^'Pp 

^ -Lp’-H,_5 


*1*2*3*4 


E 


(- 1 ) 


il+’2 


-l+’2+’3 + *4 = 2pP 
-1. ’2- ’3> ^A^'Pp 


*1*2*3*4 


4^ PR — ^^PR P+l'- 

yP Bp _5 = yp Hp _5 (mod p ^ ) 


This completes the proof of Theorem 3. 


□ 


Proof of Theorem 4- Similar to the proofs of Theorem 1 and Theorem 3, we 
have 


E 


(-1)* 


12 

p'- 


E 


1 


, -4- -2„p *1*2*3*4*5 P' Mi**2**3**4 

11+12+13+14 + 15—2p 0<iix<iX2<ii3<ii4 —<2p' 

il’ i 2 ’ i3’ i4’ is^'^P ^l ’ ii4 - 112 - 11 I- 113 - 112 ’ ii4-ii3^'Pp 


-((-ir 




12 


















and 


1 


E 


(- 1 ) 


n+j2 


i j-i Mi M- -9„r *1*2*3*4*5 

^l+^2+*3+^4 + *5— 

n. ^2’ ‘^3’ M- 


6 

P'' 


E —^— 

^ 1ilW2M3U4 

0 <ui<W 2 <W 3 <-U 4 = <2p' 

11, 1X4, 4X2-^!, 4X3-142, 4X4—•iX3e'Pj 


((-ir 


_|_ _|_ _|_ ^_l^lll+ll4 _j_ ^_1^M2+U4 _j_ ^_1^«1+Il2+M3 

_|_ ^_1^«1+Il2+U4 _j_ ^_l^«l+U3+“4 _j_ ^_1^«2+M3+'U4 _j_ 1 ^ Ul+U2+'U3+«4 ^ 

Hence 

(-1)”^ , O V- 


E 

+*2+^3+^4 + ^5 =2p’ 

n , 'i2> ^3’ ‘i-b^'^P 

12 


(- 1 ) 


*1+22 


41*2*3*4*5 


4., -9 r *1*2*3*4*5 

«1+*2+*3 + *4 + *5—^P 

^1> ^2' ^3' '^4> 


P'" 


12 

P"" 


E 


0<4ii <4X2 <443 <4x4 = <2p^ 

4X1, ^4' '*^2”''^!' '*^3~'*^2’ *44 —4X3GPp 


[1 + (- 1)"^][1 + (- 1)"^][1 + (- 1)"^][1 + (- 1 )^"] - 1 

4tlU2**3**4 


E 


12 


^ ^ *il?*2*i3**4 P’' 

0<4Xl<4X2<W3<4X4=<p^ 

4 * 1 , 444, 442 — 4 X 1 , 4X3-442, 4x4—4X3ePp 


E 


1 


0<4Xi<4X2<4X3<4X4 = <2p^ 

^4, U2—'Ui, 413—4x2, 4x4—4i3e'Pp 




By Lemma 9, we have 


(- 1 )* 


V . 

n+i2+i3+»4 + i5=2p’’ *1*2*3*4*5 
n, i 2 , ^3> ^4, «5^'P’p 

1 

“ 10 


E 

41+42+^3+M + ^5=P^ 
■il, ‘^2’ ^3> '^4> '^b^'^P 


1 


E 

4l+42+'^3+*4 + *5=2p 

il, -12’ ■'3’ M> '^b^'^] 

2 


(- 1 ) 


n+j2 


*1*2*3*4*5 


H*2*3*4*5 10 


E 

il+42+^3 + *4 + *5=2p^ 
*1 , »2< ^3> '^b^'^P 


1 


*1*2*3*4*5 


By ([2]) and Lemma 8(1), we have 
V- (-1) 






, ^ - 9 ^ 

4l+42+^3 + *4+^5=2p 

»1, *2, ^3. ^4, ib^'Pp 


+ 2 


E 


(- 1 ) 


41+42 


^ -9 

1 +42 + ^3 + ^4 + *5—2p 

n, 42, *3- ^4, ^S^’^P 




144 


^q-^p -5 + ^-Bp -5 = 12 Bp _5 (modp). 
By Lemma 8(2), if r > 2, then 

(-1)*^ — 


E 

41 +42+43 + 44 + 45 =2p^ 
41, 42, 43, 44, i^^Vp 

„r— 1 


*1*2*3*4*5 


■ +2 


(- 1 )* 


1+^2 


41 + 42 +43+ 44+ 45 = 2 p^ 
41 , 42 , 43, 44, i^GTp 


2122^3^4^5 


□ 


= -2p’' +P-5 + 8p’' ^Bp _5 = 6p^ (mod p^). 

This completes the proof of Theorem 4. 

Remark 2 Let p be odd prime and r, m positive integers, {m,p) = 1, using 
Lemma 1 and Lemma 2, similar to the proof of Theorem 1, we can prove that 

E 


4+j + fe = 2mp^ 

i,j,keVp 


ijk 


= mp'~ ^Bp -3 (mod p’'). 


13 




























In particular, if m = 1, it becomes Theorem 1. 


Let p be odd prime and r, m positive integers, {m,p) = 1, similar to the 
proof of Theorem 2, we can prove that 


y til 

ijk 

-+J' + fc = mp^ 
i,j,k€'Pp 


1 

2 


E 

i+j + k = 2mp'^ 
i,j,k£Vp 


(-1)^ 

ijk 


2 


P-3 


(mod pO- 


In particular, if m = I, it becomes Theorem 2. 


Let p > 4 be a prime and r, m positive integers, {rn,p) = 1, we can deduce 
the congruence for 


4 y EiE + 3 y 

lll2WA 

il+Z2+i-3+^4 = ^'^P ii+i2+i3 + t4 = 2mp^ 

il, t2, 13, i 4 ^'Pp ^2 ’ '^ 4 ,^'Pp 




(mod p’'"'"^). 


Let p > 5 be a prime and r, m positive integers, {m,p) = I, we can deduce the 
congruence for 


x: -LiL-+2 ^ 

n+^2+*3 + U + ^5 = 2rnp^ J. ^ O ^ O il+i2 + i3 + t4 + 25 = 2 mp^ 

^2- ^3' *4’ n- ^2> ^3’ 


^1^2^3^4^5 


(mod p’'). 


Similarly, we can consider the congruence 


E 

«1+12H-l-in=P’^ 

^l.i2>- - .inePp 


*1*2 ■ ■ - in 


(mod p’’^^). 


where tTiS{I,—I}, t = I, 2, •••, n, but it seems much more complicated. 
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